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§ ■ Abstract 
(N 



We investigate the effect of the minimal length uncertainty relation, motivated by perturbative 



I string theory, on the density of states in momentum space. The relation is implemented through the 

'nJ" ' modified commutation relation [xi,Pj] = ih[{l + f3p^)5ij + (3'piPj]. We point out that this relation. 



which is an example of an UV/IR relation, implies the finiteness of the cosmological constant. 
While our result does not solve the cosmological constant problem, it does shed new light on the 
relation between this outstanding problem and UV/IR correspondence. We also point out that the 



■ blackbody radiation spectrum will be modified at higher frequencies, but the effect is too small to 

(N : 

. be observed in the cosmic microwave background spectrum. 
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I. INTRODUCTION 



In this paper, we continue our investigation |1| of the consequences of the commutation 
relation 

[x,p\ = ih{i + 0) , (1) 

which leads to the minimal length uncertainty relation 

A.4(^ + /3Ap) . (2) 

As reviewed in Ref. Eq. ([2]) has appeared in the context of perturbative string theory 
{2! where it is implicit in the fact that strings cannot probe distances below the string scale 
h^/^. It should be noted that the precise theoretical framework for such a minimal length 
uncertainty relation is not understood in string theory. In particular, it is not clear whether 
Eq. ([T]) represents the correct quantum mechanical implementation of Eq. ([2]). Indeed, 
Kempf has shown that the commutation relation which implies the existence of a minimal 
length is not unique j^. 

Furthermore, Eq. ([2]) does not seem to be universally valid. For example, both in the 
realms of perturbative and non-perturbative string theory (where distances shorter than 
*ing =cale can be p.obed by B-b.ane. fl), another type nncertainty .elation involving 
both spatial and time coordinates has been found to hold [5] . The distinction (and relation) 
between the minimal length uncertainty relation and the space-time uncertainty relation has 
been clearly emphasized by Yoneya [6] . 

Notwithstanding these caveats, the minimum length uncertainty formula does exhibit the 
basic features of UV/IR correspondence: when Ap is large. Ax is proportional to Ap, a fact 
which seems counterintuitive from the point of view of local quantum field theory. As is 
well known, this kind of UV/IR correspondence has been previously encountered in various 
contexts: the AdS/CFT correspondence 3], non-commutative field theory [s], and more 
recently in the attempts to understand quantum gravity in asymptotically de Sitter spaces 



Moreover, it has been argued by various authors [1^ that the UV/IR correspondence, 
described by Eq. ([2]), is relevant for the understanding of the cosmological constant problem 
12l |. Likewise, it has been suggested in the literature that some kind of UV/IR relation 
is necessary to understand observable implications of short distance physics on inflationary 



2 



cosmology 




In this paper we ask the question whether the cosmological constant problem could be 
understood by utilizing a concrete UV/IR relation, such as Eq. ([T]). In particular, we study 
the implication of the commutation relation on the effective density of states in the vacuum 
and consequently on the cosmological constant problem. We point out that the commu- 
tation relation implies the finiteness of the cosmological constant and the modification of 
the blackbody radiation spectrum. While we do not present a solution to the cosmological 
constant problem, our results offer a new perspective from which this outstanding problem 
may be addressed. 



II. THE CLASSICAL LIMIT AND THE LIOUVILLE THEOREM 

The observation we would like to make is that the right hand side of Eq. ([T]) can be 
considered to define an 'effective' value of h which is p-dependent. This means that the size 
of the unit cell that each quantum state occupies in phase space can be thought of as being 
also p-dependent. This will change the p-dependence of the density of states and affect the 



calculation of the cosmological constant, the blackbody radiation spectrum, etc. [IJ]. For 
this interpretation to make sense, we must first check that any volume of phase space evolves 
in such a way that the number of states inside does not change with time. What we are 
looking for here is the analog of the Liouville theorem. To place the discussion in a general 
context, we begin by extending Eq. ([1]) to higher dimensions. 

In dimensions, Eq. ([1]) is extended to the tensorial form : 

[xi,pj] = ih{Sij + Pp^Sij + P'piPj) . (3) 

If the components of the momentum pi are assumed to commute with each other, 

[P^,PJ]=0, (4) 

then the commutation relations among the coordinates Xj are almost uniquely determined 
by the Jacobi Identity (up to possible extensions) as 
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Let us take a look at what happens in the classical limit. Recall that the quantum 
mechanical commutator corresponds to the Poisson bracket in classical mechanics via 



-[A,B]^{A,B}. 
in 

So the classical limits of Eqs. (I3])-(I5]) read 

{xi.pj} = (1 + I3p^)5ij + l3'piPj , 

The time evolutions of the coordinates and momenta are governed by 



(6) 



(7) 



X. 



{xi,H} 
Pi = {pi,H} 



'{Xj,Pi} 



dpj 
dH 

dxi 



dxi 



(8) 



The analog of the Liouville theorem in this case states that the weighted phase space volume 



D-l r 



1 + + 



(9) 



is invariant under time evolution. To see this, consider an infinitesimal time interval 6t. The 
evolution of the coordinates and momenta during 6t are 



P'i = Pi + Spi 



(10) 



with 



Sxi 
Spi 



dH 



6t 



-{Xj, Pj} 



dxi 



St . 



An infinitesimal phase space volume after this infinitesimal evolution is 

d{xi, ■ ■ ■ , Xd,Pi, ■ ■ ■ , pjji) 



Since 



dx'. 



d{xu 



r I d6xi 
On -r -n 



xd,Pi, 



,Pd) 



dxj dxj 
dp'i ^ d5pi 
dxj dxj ' 



dx'i ^ dSxj 
dpj dpj ' 
dp'i dSpi 
dpj dpj ' 



(11) 



(12) 



(13) 
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the Jacobian to first order in 5t is 

^(^1) ' ' ' i^DiPli ' ' ' iPd) 



d{xi, • ■ ■ ,xd,Pi, • ■ ■ ,Pd) 



dxi 



dpi 



We find 



' d6xi d6pi \ 1 
dxi dpi I 6t 



_d_ 
dxi 



dpj " ^ dxidpj 



d_ 

dpi 



{Xj,Pi} 



OH 



+ 



Ax 1 



dH 
dxi 



Xj^ 



dm 



d 



dxidxj 
dH 



d_ 

dpi 



^{X,.P.] 

(2/3 - (5') + (2/3 + /3')/3p2 



dx^ 



d 



dH 

dxj 
dH 
dxi 



{D-l)p, 



dH 
dxi 



(l + « 



Therefore, to first order in 6t 
On the other hand, 



l + /3p2 



2{D-1)P 



Pj 



d'^H 
dpjdxi 

{2P+{D + I)f3'}pj 

dH 
dxi 



dH 
dxj 



l + /3p2 



dxi 



and 



1 + Pp' 



/2 



l + P(Pi + 5pif 
l + f3{p^ + 2piSpi + 



dH 



= l + p[p'- 2pi{xi,pj}—St + 



l + P[p'-2 1 + {P + P')p^ 



(l + /3p^)-2/3 l + (p + f3')p' 



dH 

dXj 
dH 
Pr 



St + 



= {1 + Pp') 



1-2(3 



dxj 

l + {P + fV\ dH 
Pj 



l + /3p2 



dx. 



6t + 



1 + (/3 + P')p" 



1 + {P + P')ip, + Sp,)'' 
l + {(3 + (3'){p^ + 2pM + - 
1 + (/? + P') (p' - 2p,{xi,pj}^^6t + • • 



= 'l + {(3 + p')p^' 
= [! + (/? + P')p'] 
Therefore, to first order in 6t 



dxj 



-2(/5 + /3') [i + (/5 + /5V 
l-2iP + P')p,—6t + --- 



dH ^ 
Pj- — ot H 



dH ^ 



(18) 



-D+1 



-1 



lW2(Z,-l).fi±(|±^U2(,.,')U, 



dH 



5t 



(19) 



IS mvari- 



From Eqs. (fT6l) and (|T9l) . we deduce that the weighted phase space volume Eq. ([9 
ant. Note that in addition to the non-canonical Poisson brackets between the coordinates 
and momenta, those among the coordinates themselves (and thus the non-commutative ge- 
ometry of the problem) is crucial in arriving at this result. When /?' = 0, Eq. (Q simplifies 



to 



(l + /3p2)o ■ 

As a concrete example, consider the ID harmonic oscillator with the Hamiltonian 



rr P , 1 2 2 

H = — iiuj X . 

2fi 2^ 



(20) 



(21) 



The equations of motion are 



X 



p 



{x,H} 
{p,H} 



/i 



[l + Pp')p, 
jjio'^il + I3p^)x . 



(22) 



These equations can be solved to yield 



P{t) = Pma: 



sm 



1 + e sin^iVl + suit) 

cos 



1 + e siia^iVl + eut) 



where 



e = 2nEp , 



I2E 



Pn 



2fiE . 



(23) 



(24) 
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Note that the period of oscillation, T, is now energy (and thus amplitude) dependent: 

T = -^. (25) 

Now, consider the infinitesimal phase space volume sandwiched between the equal-energy 
contours E and E + dE, and the equal-time contours t and t + dt. It is straightforward to 
show that 

,^,dxdp , . 

^^''' = TTW- (26) 

The left-hand side of this equation is time-independent by definition, so the right-hand side 
must be also. 

Finally, note that the semi-classical quantization (^ limit) of the harmonic oscillator 
is consistent with the full quantum mechanical result derived in our previous paper, Ref . l| . 



III. DENSITY OF STATES 

From this point on, we will only consider the /?' = case for the sake of simplicity. 
Integrating over the coordinates, the invariant phase space volume Eq. ( l20l) becomes 

^^"P (27) 

where V is the coordinate space volume. This implies that upon quantization, the number 
of quantum states per momentum space volume should be assumed to be 

Eq. (125]) indicates that the density of states in momentum space must be modified by the 
extra factor of (1 + Pp"^)^^. This factor effectively cuts off the integral beyond p = l/^/p. 
Indeed, in 3D the weight factor is 

+ ' ^^^^ 

the plot of which is shown in Fig. [H We look at the consequence of this modification in 

the calculation of the cosmological constant and the blackbody radiation spectrum in the 

following. 
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FIG. 1: The behavior of the weight factor [1 + (y/Pp) 
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A. The Cosmological Constant 



The cosmological constant is obtained by summing over the zero-point fluctuation ener- 
harmonic oscillators, each of which corresponds to a particular particle momentum 



gies o: 

state 1^. If we assume that the zero-point energy of each oscillator is of the usual, canon- 
ical, form 



-huj = -\ff^ 

2 2^^ 



then, the sum over all momentum states per unit volume is (up to some prefactors) 



A(m) 



2tt 



TC 



1 + /?p2)3 



p2 _j_ ^2 



{l + (3p 



2^3 



p2 _|_ ^2 



where 



1 + 



X 



+ 



X 



fix) 



2(l-a;) ^4(l-xf/2 



In 



1 - yi^ 



1 + Vi-x 

tan~^ \/x — 1 



(x < 1) 
(x > 1) 



2(x-l) ' 2{x-l'f^ 
f{x) is a monotonically increasing function which behaves asymptotically as 

f{x) ~ ^/x , 



(30) 



(31) 



(32) 



(33) 
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as can be gleaned from Eq. (13T|) . In the region < x < 1, it is well approximated by 

fix) ^ (1 + xf^^ . (34) 

In the massless case we obtain 

A(0) = ^ . (35) 

As expected, due to the strong suppression of the density of states at high momenta, the 
cosmological constant is rendered finite with 1 / y/j3 acting effectively as the UV cutoff. This 
result is in strong contrast to conventional calculations where the UV cutoff is an arbitrary 
scale which must be introduced by hand, and where one must assume that the physics 
beyond the cutoff does not contribute. 

Unfortunately, since 1/a/5 is the string mass scale, which we expect to be of the order 
of the Planck mass Mp, this does not solve the cosmological constant problem. This is true 
even if the Planck mass Mp were as low as a TeV as suggested in models with large extra 
dimensions llo l. 



B. The Blackbody Radiation Spectrum 

Taking into account the weight factor Eq. ( l29l) . the average energy in the EM field per 
unit volume at temperature T is 

_ , d\ hkc 

E 



du 



Jo [ 1 + (3{hu/cf ]3 \eh^/kBT _ 1 j 

(iz/M^(z/, T) . (36) 



We see that the blackbody radiation spectrum is damped at high frequencies close to the 
cutoff scale: 

T) = JTTW^s T), -^^J^- (37) 

Here 

is the regular spectral function. 
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To see the effect of this damping on the shape of the spectral function, we plot the 
functions 



/o(^,T) 



(39) 



[1 + iW'^^YY 

for several values of the temperature T in Figs. [2] and [31 The temperature Tp in the definition 

of fo{h',T) is defined as 

As is evident from the figures, the distortion to the blackbody radiation is undetectable unless 
the temperature is within a few orders of magnitude below Tg. Given that the decoupling 
temperature is on the order of an MeV we do not expect the spectrum of the Cosmic 
Microwave Background (CMB) to be affected in any observable way, even if were as 

small TeV m. 



. 15 




FIG. 2: The shape of the blackbody radiation spectrum with (solid line) and without (dashed line) 
the damping factor [1 + (z^/z^^)^]"'^ at temperatures T = Tp (left) and T = 0.1 (right). 



IV. DISCUSSION 

We have shown that Eq. ([1]) and its higher dimensional extensions imply that the density 
of states is naturally suppressed in the ultraviolet. This suppression renders the cosmo- 
logical constant finite, without affecting the blackbody radiation spectrum at observable 
temperatures. The cosmological constant is still too large, however, since it is proportional 
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FIG. 3: The shape of the blackbody radiation spectrum with (sohd hne) and without (dashed hne) 
the damping factor [1 + /vpY']''^ at temperature T = 0.01 T^. The graph on the right is the 
blow-up of the region inside the box on the left. 



to ~ Mp. This scaling is to be expected since l/\f^ is the only scale present in the 
problem. 

Nevertheless, we believe that our result is a major improvement over previous results and 
points to a new direction from which we may approach the cosmological constant problem. 
The reason why conventional calculations were obtaining an infinite result can be identified 
as a case of over-counting of states. If string theory does indeed lead to Eq. ([1]) and the 
resulting suppression of the density of states at high momenta, the number of states in the 
UV is not as numerous as conventional calculations assume. 

The smallness of the cosmological constant can then be interpreted as a sign that we 
are still over-counting the number of states in our calculation and the density of states 
should be further suppressed. Whatever the method of suppression, this would necessarily 
entail the introduction of an additional characteristic scale, Mc, other than 1/a/5 = Mp, in 
which case the dependence of the cosmological constant on the scales can be expressed as 
A ~ M^F{MjMp) with F(l) = 1. 

One method we could use would be to modify the right hand side of Eq. ([T]) to further 
suppress the higher momentum states [2^. However, that would not work since all that 
would do would be to change the 'effective' value of the UV cutoff from Mp to M^. {F ~ 
{MjMp)^.)_So the additional suppression must occur in a more subtle fashion. 



Banks 



nj has argued that F ~ {MjMpf with ~ ITeV and Mp ~ lO^^CeF would 



reproduce the correct value of the cosmological constant. But the exact mechanism which 
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would lead to such a form for F remains elusive. (See also Ref. [3l for a related discussion.) 
At this point, we note that if string theory is the correct theory of gravity, modifying the 



commutation relations alone would not proper 
It is possible that the holographic principle 



take into account all of its potential effects. 
3| could be of help here. Consideration of 



holography in a cosmological background might naturally provide another scale other than 
l/\/j3, namely the size of the cosmological horizon, the Hubble radius H, related to the 
cosmological constant as ~ 1/A. It is conceivable that due to the correct implementation 
of the holographic principle in a cosmological situation, the number of fundamental degrees 
of freedom contributing to the vacuum energy is determined by the density of states above 
some very large momentum (which by the UV/IR correspondence ([2]) would be related to 
the degrees of freedom at distances of the order of the cosmological horizon). If indeed the 
density of states is strongly suppressed at high momenta, as argued in this paper, then the 
effective number of degrees of freedom contributing to the vacuum energy density would be 
very small. While these considerations are highly speculative, they seem to point to a new 
promising way to approach the cosmological constant problem. 
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